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NONSPLIT CONICS IN THE REDUCTION OF AN
ARITHMETIC CURVE
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Abstract. For an algebraic function field F/K and a discrete valuation v of
K with perfect residue field k, we bound the number of discrete valuations on
F extending v whose residue fields are algebraic function fields of genus zero
over k but not ruled. Assuming that K is relatively algebraically closed in F ,
we find that the number of nonruled residually transcendental extensions of v
to F is bounded by g+ 1 where g is the genus of F/K.
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1. Introduction
A finitely generated field extension of transcendence degree one is called an
algebraic function field. We consider a field K endowed with a valuation v0 whose
residue field we denote by k. Let F/K be an algebraic function field, v valuation
on F extending v0 and κv the residue field of v. We call v residually transcendental
over K if the residue field extension κv/k is transcendental; this implies that the
valuation is non-trivial on K and that κv/k is an algebraic function field.
The algebraic function field F/K is called ruled if F is a rational function field
over a finite field extension of K. Let v be a residually transcendental extension
of v0 to F . We say that v is ruled (over K) if the residue field extension κv/k is
ruled. The Ruled Residue Theorem by J. Ohm [13] asserts that, if F/K is ruled,
then every residually transcendental extension of v0 to F is ruled. (This was first
shown by Nagata [12] in the case where v0 is discrete of rank one.) More generally
one may ask for a description of the set of non-ruled residually transcendental
extensions of v0 to F . In particular one may ask whether this set is finite.
A partial answer to this question follows from a genus inequality, which was
proven in [10] for the case where v0 is discrete, and then in [11] and [7] for the
general case. This inequality gives a finite upper bound in terms of the genus
of F/K on the number of residually transcendental extensions of v0 to F whose
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residue field extension κv/κ has positive genus. This indicates that the main
problem is to determine those residually transcendental extensions of v0 to F for
which the residue field extension κv/k is of genus zero but not ruled.
In this article we study the case where v0 is a discrete valuation of rank one.
Our results assume that the residue field k of v0 is perfect. In this case the
number of non-ruled residually transcendental extensions of v0 is finite, and we
shall show that it is bounded by g(F/K)+1 where g(F/K) is the genus of F/K,
if we assume that K is relatively algebraically closed in F . We expect that this
result can be extended to the case where v0 is an arbitrary valuation on K and
where k is not necessarily perfect. However, a proof of such a result would require
different, more valuation theoretic tools. A first step in this direction has been
taken in [2] for function fields F/K of genus zero: Under the assumption that
v0 is non-dyadic, it is shown in [2] that there is at most one non-ruled residually
transcendental extension of v0 to F .
We fix some terminology for valuations on an arbitrary field F . For a valuation
v on F we denote by Ov the corresponding valuation ring, by mv the maximal
ideal of Ov, and by κv its residue field Ov/mv. If v has value group Z, then we
call v a Z-valuation, and in this case Ov is a discrete valuation ring of F . Any
discrete valuation ring of F is given in this way by a unique Z-valuation on F .
We denote by Ω(F ) the set of all Z-valuations on F .
Consider now a discrete valuation ring T with field of fractions K and residue
field k. For an algebraic function field F/K, we set
ΩT (F ) = {v ∈ Ω(F ) | Ov ∩K = T and κv/k is transcendental }
Ω∗T (F ) = {v ∈ ΩT (F ) | κv/k is not ruled }.
Under the assumption that T is complete, we showed in [1, Corollary 3.9] that
Ω∗T (F ) is finite. Without this assumption, we will prove in Section 5 that
|Ω∗T (F )| 6 g(F/K) + 1
holds when k is perfect and K is algebraically closed in F . We will also give
suffient conditions for having that |Ω∗T (F )| 6 g(F/K).
Our arguments are based on a reduction to the case where F is the function
field of an arithmetic surface X over T (which we can assume to be relatively
minimal), and on the analysis of the intersection theory for the special fiber Xs
of this surface. This relies on the observation in [1, Proposition 3.7] that any
valuation v ∈ Ω∗T (F ) is centered in the generic point of an irreducible component
of Xs. The core of our method lies in the study of an associated intersection
graph and the natural action of the absolute Galois group G of the residue field
on this graph. The vertices of this (bipartite) graph are given by the irreducible
components of Xs and by the intersection points of different components. It turns
out that the valuations v ∈ Ω∗T (F ) that we are particularly looking for, namely
those were the residue field extension κv/k is a function field of genus zero, but not
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ruled, are centered in components C which have a special role under the natural
action of G: the orbit of any vertex adjacent to C under the restricted action of
the stabiliser subgroup in G has even length. We refer to such vertices as pivot
vertices. In Section 3, we study such pivot vertices in a finite connected graph
and give upper bounds for their number of pivot vertices and for the number of
orbits of pivot vertices, in terms of the Betti number of the graph.
To apply these results, we rely on standard results from the intersection theory
of the reduction of curves, as discussed in [9, Chapters 9-10]. We obtain an upper
bound on the Betti number of our intersection graph (which is related to, but
different from the graphs discussed in [9]) in terms of properties of components
of the special fiber and their (arithmetic) genera. This is discussed in Section 4.
Our study of the problem to bound |Ω∗T (F )| grew out of a problem on sums of
squares in F . Let us sketch the relation and indicate how our main result can be
applied to the example of a curve C defined over K = R((t)), the field of Laurent
series in one variable over the field of real numbers. Let F be the function field
of C over K and let
∑
F 2 denote the subgroup of F× consisting of the nonzero
elements of F which are sums of squares in F . Let further (F 2 + F 2)
×
denote the
subgroup of
∑
F 2 given by the elements which are sums of two squares in F . If
C = P1K then F ≃ K(X), the rational function field, and it then follows by a result
of E. Becker [4, Chap. III, Theorem 4] that
∑
F 2 = (F 2 + F 2)
×
. For the curve
C : Y 2 = (tX − 1)(X2 + 1) over K, it was shown in [14, (3.11)] that tX is a sum
of three but not of two squares in F and hence that (F 2 + F 2)
×
(
∑
F 2 ( F×.
This observation led in [3] to the study of the 2-elementary abelian group
G(F ) =
∑
F 2/(F 2 + F 2)
×
.
For the case of a hyperelliptic curve C : Y 2 = f(X) over K = R((t)) with
f(X) ∈ K[X ] square-free, it follows by [3, Theorem 3.10] that
log2|G(F )| 6 12(deg(f) + 1) .
We observe that g(F/K) = ⌊deg(f)−1
2
⌋. This motivates the question whether
log2|G(F )| can be bounded in terms of g(F/K) or more specifically whether
log2|G(F )| 6 g(F/K) + 1
holds when F is the function field of a curve over K = R((t)). This is what we now
finally can prove: For T = R[[t]], the set Ω∗T (F ) contains all valuations in ΩT (F )
with a nonreal residue field where −1 is not a square. Hence the arguments used
in the proof of [1, Theorem 6.10] (with n = 1) show that log2|G(F )| 6 |Ω∗T (F )|.
Hence our bound |Ω∗T (F )| 6 g(F/K) + 1 yields the desired bound for |G(F )|.
The study of the intersection graph and its Galois action could be simplified in
this special case, as the absolute Galois group of R is just of order 2. In fact the
method leading to our main result was crucially inspired by an argument which
we learned from J. Van Geel, treating the case of an elliptic curve by using the
symmetry induced by complex conjugation on the reduction graph of the curve.
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2. Preliminaries
In this section we recall basic properties and tools from algebraic and arithmetic
geometry, in particular in relation to projective curves and arithmetic surfaces.
We generally follow the terminology from [9], our standard reference.
Let K be a field. By a projective curve over K we mean a one-dimensional
K-scheme of finite type admitting a closed immersion into PnK for some n ∈ N.
Let C be a projective curve over K. We denote by g(C/K) the arithmetic genus
of C over K as defined in [9, Definition 7.3.19], namely by
g(C/K) = 1− dimK H0(C,OC) + dimK H1(C,OC) ,
where OC denotes the structure sheaf of C. By [9, Corollary 5.2.27] the arithmetic
genus is invariant under base change, i.e. we have g(C ×K L/L) = g(C/K) for
any field extension L/K. In the sequel when speaking of the genus of a curve we
refer to its arithmetic genus.
For an algebraic function field F/K, we denote by g(F/K) the genus of F/K
as defined in [5]; by its definition g(F/K) remains the same when K is replaced
by the relative algebraic closure of K in F .
2.1. Proposition. Let C be a geometrically integral projective curve over K and
let F denote its function field. Then g(F/K) 6 g(C/K), and equality holds if
and only if C is regular.
Proof. By the hypothesis on C, K is relatively algebraically closed in F . We
denote by C ′ the normalization of C. Then C ′ is regular and g(F/K) = g(C ′/K).
Furthermore, by [9, Proposition 7.5.4], we have g(C/K) > g(C ′/K), and equality
holds if and only if C is regular. 
By a conic over K we mean a projective curve over K which is isomorphic to
a curve in P2K given by a homogeneous polynomial of degree 2 over K.
2.2. Example. Let f ∈ K[X, Y ] be a square-free homogeneous polynomial of
degree 2. This gives rise to two conics in P2K , namely:
(i) The regular conic in P2K given by f(X, Y ) = Z
2.
(ii) The singular reduced conic in P2K given by f(X, Y ) = 0.
Clearly the two conics are non-isomorphic. Hence the two examples are of essen-
tially different type. Any reduced conic overK is isomorphic to a conic given as in
(i) or in (ii) by some square-free homogeneous quadratic polynomial f ∈ K[X, Y ].
We will need to distinguish between different types of curves of genus zero.
2.3. Proposition. Let C be an integral projective curve over K. If C is a conic,
then g(C/K) = 0. Conversely, if g(C/K) = 0, then either C is a regular conic
over K, or C is singular and birational over K to P1L for some proper finite field
extension L/K.
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Proof. If C is a conic, then it follows by [15, Tag 0BYD] that g(C/K) = 0.
Assume now that g(C/K) = 0. Since C is projective, connected and reduced,
H0(C,OC) is a field, by [9, Corollary 3.3.21]. We can view C as a curve over
M = H0(C,OC). We obtain that
0 = g(C/K) = 1− dimK H0(C,OC) + dimK H1(C,OC)
= 1− [M : K] (1− dimM H1(C,OC)) .
This shows that M = K. The conclusion now follows by [15, Tag 0C6N, Tag
0DWG] if C is regular and by [15, Tag 0DJB] if C is singular. 
A curve over K is rational if it is birational to P1K . We call a curve C over K
ruled if it is birational as a K-scheme to P1L for some finite field extension L/K.
2.4. Lemma. Let C be an integral conic over K which is singular or which has
a point of odd degree over K. Then C is ruled. More precisely, C is birational
over K to P1L for a field extension L/K with [L : K] 6 2.
Proof. Suppose first that C is singular. By Example 2.2 we may assume that
C is defined in P2K by f(X, Y ) = 0 for some homogeneous quadratic polynomial
f(X, Y ) ∈ K[X, Y ]. As C is integral, f is irreducible in K[X, Y ]. Let L denote
the splitting field of the irreducible quadratic polynomial f(X, 1) over K. Then
[L : K] = 2 and the function field of C over K is isomorphic to a rational function
field over L, whereby C is birational to P1L.
Assume now that C is regular and contains a point of odd degree over K. By
[6, Corollary 18.5] this implies that C has a K-rational point. If C is smooth
over K, then we conclude that C is isomorphic to P1K . Suppose now that C is not
smooth over K. Then char(K) = 2 and, since C is regular and has a K-rational
point, we get that C is given up to isomorphism by an equation X2 + aY 2 = Z2,
for some a ∈ K×\K×2. It follows that C is isomorphic to P1L for L = K(
√
a). 
2.5. Lemma. Let F/K be an algebraic function field such that K is relatively
separably closed in F . Let Falg be an algebraic closure of F . There exists a finite
purely inseparable extension K ′/K in Falg such that the compositum FK
′ in Falg
is the function field of a geometrically connected smooth projective curve over K ′.
Proof. LetKper be the maximal purely inseparable algebraic extension ofK inside
Falg. Then Kper is perfect and FKper is an algebraic function field over Kper.
Since Kper/K is purely inseparable, so is FKper/F . It follows that K is relatively
separably closed in FKper. Hence Kper is relatively algebraically closed in FKper.
By [9, Proposition 7.3.13], FKper is the function field of a normal projective
curve C ′ over Kper. Then C
′ is regular, and as Kper is perfect, C
′ is smooth
over Kper, by [9, Corollary 4.3.30]. Moreover, since Kper is relatively algebraically
closed in FKper, we have that C
′ is geometrically integral, by [9, Corollary 3.2.14].
We choose a representation of C ′ by equations inside projective n-space over
Kper for some n ∈ N. Since Kper/K is a direct limit of finite extensions, we
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may choose a finite subextension K ′/K of Kper/K such that FK
′ contains the
elements of FKper determined by the variables and coeffients of these equations.
Then FK ′ is the function field of a projective curve C over K ′ defined by the
same equations, and as C ′ = C ×K ′ Kper it follows that C is smooth over K ′. 
Let T be a discrete valuation ring, K its field of fractions and k its residue
field. A fibered surface over T is a 2-dimensional integral scheme X together with
a flat projective morphism X→ Spec(T ).
Let X be a normal fibered surface over T . We call XK = X ×T K the generic
fiber of X over T and we call Xs = X ×T k the special fiber of X over T . By
[9, Lemma 8.3.3], XK is an integral normal projective curve over K and Xs is a
projective curve over k. The function field of X is equal to the function field of
the generic fiber XK . If X is regular then we call X an arithmetic surface over T .
An arithmetic surface X over T is called relatively minimal if any birational
morphism X → Y of arithmetic surfaces over T extends to an isomorphism, and
it is called minimal if every birational map Y 99K X of arithmetic surfaces over
T extends to a morphism.
2.6. Lemma. Let T ′/T be an extension of discrete valuation rings which is a
direct limit of étale extensions of T . Let X be an arithmetic surface over T . Then
X′ = X×T T ′ is an arithmetic surface over T ′. If the generic fiber XK is integral
and geometrically connected and X is relatively minimal over T , then either X′ is
relatively minimal over T ′, or Xs is integral and ruled with g(Xs/k) = 0.
Proof. Let k′ denote the residue field of T ′. Then the special fiber of X′ is Xs×kk′.
By [9, Proposition 3.2.7], [9, Proposition 4.3.3] and [9, Corollary 3.3.32], X′ is a
2-dimensional flat projective scheme over T ′. Since X is regular and T ′/T is a
direct limit of étale extensions, it follows by [9, Corollary 4.3.24] that X′ is regular.
Therefore X′ is an arithmetic surface over T ′.
Assume now that XK is integral and geometrically connected. By [9, Corollary
8.3.6], we obtain that Xs is geometrically connected and g(Xs/k) = g(XK/K).
Assume further that X is relatively minimal.
First consider the case where g(XK/K) > 1. Then X is minimal over T , by [9,
Corollary 9.3.24]. Since T ′/T is a direct limit of étale extensions, X′ is minimal
over T ′, by [9, Proposition 9.3.28], so in particular relatively minimal.
Suppose now that g(XK/K) = 0. Since XK is integral, it follows by Proposi-
tion 2.3 that XK is a regular conic over K. Furthermore, Xs is integral, by [9,
Exercise 9.3.1]. By [9, Corollary 8.3.6], we have g(Xs/k) = g(XK/K) = 0. If Xs
is geometrically irreducible, then X′ is relatively minimal. Assume now that Xs
is not geometrically irreducible. Since Xs is geometrically connected, it follows
that Xs is not regular. Hence Proposition 2.3 yields that Xs is ruled. 
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3. Counting pivot vertices in a graph
We consider a finite undirected graph B. We denote by V the set of vertices
and by E the set of edges of B. Hence V is a finite set and we can represent E as
a set of 2-element subsets of V. The degree of a vertex v ∈ V , denoted by deg(v),
is defined by deg(v) = |{{v, v′} ∈ E | v′ ∈ V}|.
We consider an action of a group G on B given by graph automorphisms. In
other words, G acts on the set V in such way that, for every g ∈ G and every
v, v′ ∈ V with {v, v′} ∈ E we have {gv, gv′} ∈ E. We call v ∈ V a G-pivot vertex
(of B) if, for every w ∈ V with {v, w} ∈ E, the orbit of w under the stabiliser of
v in G has even cardinality, i.e. |{gw | g ∈ G, gv = v}| is even.
We simply call v ∈ V a pivot vertex of B if v is a G-pivot vertex forG = Aut(B),
the automorphism group of the graph B. For any group G acting on B, a G-pivot
vertex of B is in particular a pivot vertex of B.
3.1. Proposition. If B is a tree, then B has at most one pivot vertex.
Proof. If |V| 6 1 then the statement is trivial. Assume now that |V| > 1. By
removing all vertices of degree 1 from B, we obtain a subtree B′ of B with strictly
less vertices than B, while all pivot vertices of B are also pivot vertices of B′.
Hence the statement follows by induction on |V|. 
We denote by β(B) the Betti number of B, which is given by the formula
β(B) = |E| − |V|+ 1 .
Note that for a nontrivial connected graph B we have β(B) > 0, and equality
holds if and only if B is a tree.
3.2. Lemma. Let W denote the set of G-pivot vertices in B. Assume that B is
connected and contains a vertex v0 which is fixed by G. Then |W \ {v0}| 6 β(B).
Proof. For v ∈ V let d(v) denote the distance of v to v0, that is, the smallest
r ∈ N such that there exist v1, . . . , vr ∈ V with {vi−1, vi} ∈ E for 1 6 i 6 r and
vr = v. Note that d(gv) = d(v) for all v ∈ V and g ∈ G.
We prove the statement by induction on m = max{d(v) | v ∈ V}. If m = 0,
then V = {v0} and |E| = 0 whereby the claim holds trivially. Assume now that
m > 0. We fix a vertex w ∈ V with d(w) = m and set V′ = V \ Gw, and we
denote by B′ the full subgraph of B spanned by V′, that is B′ = (V′,E′) where
E′ = E ∩ {{v, v′} | v, v′ ∈ V′}. It follows by the choice of w that B′ is connected
and β(B′) 6 β(B). Furthermore, the G-action on B restricts to a G-action on B′
and the elements of W ∩V′ are also G-pivot vertices in B′. Hence, the induction
hypothesis yields that
|(W ∩ V′) \ {v0}| 6 β(B′) .
If w is not a G-pivot vertex, then Gw ∩ W = ∅ and hence W ⊆ V′ and
|W \ {v0}| 6 β(B′) 6 β(B). Assume now that w is a G-pivot vertex. Note that
|E \ E′| = |Gw| · (deg(w)− 1
2
|{w′ ∈ Gw | {w,w′} ∈ E}|) .
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Since d(w) = m, we may fix a vertex v′ ∈ V with d(v′) = m− 1 and {v′, w} ∈ E.
Since w is a G-pivot vertex, there exists g ∈ G with gw = w and gv′ 6= v′. It
follows that v, v′ /∈ Gw, whereby |{w′ ∈ Gw | {w,w′} ∈ E}| 6 deg(w)− 2. Hence
β(B)− β(B′) = |Gw| · (deg(w)− 1− 1
2
· |{w′ ∈ Gw | {w,w′} ∈ E}|) > |Gw| ,
and we obtain that
|W \ {v0}| 6 |(W ∩ V′) \ {v0}|+ |Gw| 6 β(B′) + |Gw| 6 β(B) .
Hence |W\{v0}| 6 β(B) holds in any case. This completes the induction step. 
3.3. Lemma. Assume that B is connected and let W be the set of G-pivot vertices
in B. Let v ∈ V. Then |W \Gv| 6 β(B) + |Gv| − 1.
Proof. We apply Lemma 3.2 to a graph obtained from B by adding one vertex
and connecting it with all vertices in Gv. Let v0 denote an extra vertex, not
contained in V, and set V0 = V ∪ {v0} and E0 = E ∪ {{v0, gv} | g ∈ G}. We
obtain that B0 = (E0,V0) is a connected graph with β(B0) = β(B) + |Gv| − 1.
By letting gv0 = v0 for all g ∈ G we extend the G-action on B to a G-action on
B0. Note that none of the vertices in Gv is a G-pivot vertex in B0, and v is a
G-pivot vertex of B0 if and only if |Gv| is even. Hence the set of G-pivot vertices
of B0 is either (W \ Gv) ∪ {v0} or W \ Gv. We conclude by Lemma 3.2 that
|W \Gv| 6 β(B0) = β(B) + |Gv| − 1. 
3.4. Theorem. Assume that B is connected. Let W be the set of G-pivot vertices
in B and assume that W 6= ∅. Let d = min{|Gv| | v ∈W}. Then
|W| 6 β(B) + 2d− 1 .
Furthermore, the number of G-orbits in W is bounded by 1
d
(β(B)− 1) + 2.
Proof. Let v0 ∈W be such that |Gv0| = d. It follows by Lemma 3.3 that
|W| = |W \Gv0|+ d 6 β(B) + 2d− 1 .
Let r denote the number of G-orbits in W. Then rd 6 |W| 6 β(B) + 2d− 1 and
therefore r 6 1
d
(β(B)− 1) + 2. 
3.5. Corollary. Assume that B is connected. Let N be the number of G-orbits
of G-pivot vertices in B. Then N 6 β(B) + 1. Moreover, if N = β(B) + 1,
then either the G-pivot vertices in B coincide with the G-fixed points in B, or
β(B) = 1 and B has no G-fixed vertices.
Proof. Let W be the set of G-pivot vertices in B. If B has a G-fixed vertex v
which is not a G-pivot vertex, then it follows by Lemma 3.2 that |W| 6 β(B),
whereby N 6 β(B).
We now assume that all G-fixed vertices belong to W. We further assume that
W 6= ∅, because otherwise there is nothing to show. Set d = min{|Gv| | v ∈ W}.
By Theorem 3.4, we have that N 6 1
d
(β(B) − 1) + 2. If β(B) > 2 and d > 2,
then 1
d
(β(B) − 1) + 2 < β(B) + 1, whereby N 6 β(B). If β(B) = 1 and d > 2,
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then B has no G-fixed vertex and N 6 2 = β(B) + 1. If β(B) = 0, then B is a
tree, and as W 6= ∅, it follows by Proposition 3.1 that N = |W| = 1 = β(B) + 1,
so that W consists of the unique G-fixed vertex of B.
Assume finally that d = 1. Then Theorem 3.4 yields that N 6 |W| 6 β(B)+1.
Assume now in addition that N = β(B) + 1. Then N = |W|, which implies that
the elements of W are fixed by G. Since all G-fixed vertices belong to W, we
conclude that W consists of the G-fixed vertices in B. 
3.6. Example. Let n > 3 and let B be the circle graph with n vertices. Note
that β(B) = 1. The automorphism group G of B is the dihedral group of order
2n. Every vertex of B is a G-pivot vertex, and they all lie in one G-orbit.
Assume now that n is even. Then G has a unique noncyclic subgroup G′ of
index 2, the dihedral group of order n. Under the action of G′ on B, the n
vertices lie in two disjoint G′-orbits. Moreover, if n ≡ 2 mod 4, then all vertices
of B are also G′-pivot vertices, hence in this case the number of G′-orbits of
G′-pivot vertices is equal to 2.
The example shows that there is no bound on the total number of pivot vertices
in a connected graph B with β(B) = 1. This case is nevertheless an exception.
3.7. Theorem. Let B be a connected graph with β(B) > 2. Then the total number
of pivot vertices in B is bounded by 3(β(B)− 1).
Proof. Neither the automorphism group, nor the set of pivot vertices, nor the
Betti number changes if we remove from the graph all vertices of degree 1, and
the graph remains connected under this reduction. We may therefore reduce to
the case where deg(v) > 2 holds for all v ∈ V. Since β(B)−1 = |E|− |V| we have
2(β(B)− 1) =
∑
v∈V
(deg(v)− 2) . (3.7.1)
Let W be the set of pivot vertices of B and V+ = {v ∈ V | deg(v) > 3}. As
β(B) > 2, we have V+ 6= ∅, so we fix some v ∈ V+ of minimal degree. Let G
denote the automorphism group of B. Since Gv ⊆ V+ we have |Gv| 6 |V+|.
Assume first that deg(v) = 3. Then v is not a pivot vertex, soGv∩W = ∅. Since
deg(v) = 2 for all v ∈ V\V+, we obtain by (3.7.1) that |V+| 6 2(β(B)−1). Using
Lemma 3.3, we conclude that |W| = |W \Gv| 6 β(B) + |Gv| − 1 6 3(β(B)− 1).
Assume now that deg(v) > 4. Since we have chosen v of minimal degree in V+,
we can now conclude from (3.7.1) that |V+| 6 β(B) − 1. Applying Lemma 3.3
again, we obtain that |W| 6 |W\Gv|+|Gv| 6 β(B)+2|Gv|−1 6 3(β(B)−1). 
3.8. Example. Let n be a positive integer. Let B be the graph with 3n vertices
a1, b1, c1, . . . , an, bn, cn such that ai is connected to the four vertices bi−1, ci−1, bi, ci
for 1 6 i 6 n, where b0 = bn and c0 = cn. (Hence the graph B ressembles a
necklace composed from n rings.) It is easy to see that β(B) = n+1 and that all
vertices of B are pivot vertices. Hence in this case the upper bound 3(β(B)− 1)
from Theorem 3.7 for the number of pivot vertices in B is attained.
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4. Galois action on the intersection graph of a curve
Let k be a field. Let kalg denote a separable algebraic closure of k and G the
absolute Galois group of k. Let X be an algebraic variety over k. When we
apply scheme theoretic terms to closed subsets of X we implicitly view them as a
closed subschemes with their induced reduced structure. We set X = X ×k kalg,
which is the base change of X to kalg. The projection π : X → X is a surjective
closed morphism of k-schemes. The group G acts naturally on kalg. Letting G act
trivially on X, we obtain a natural action of G on X. With respect to this action
and the trivial action on X, π is G-equivariant.
4.1. Proposition. Let Y be a closed subset of X. The preimage π−1(Y ) is a
G-invariant closed subset of X. If Y is irreducible, then the action of G on the set
of irreducible components of π−1(Y ) is transitive. For any irreducible component
Z of π−1(Y ), the image π(Z) is an irreducible component of Y .
Proof. We view Y with its induced reduced structure as a closed k-subscheme
of X. The natural G-action on the k-scheme Y = Y ×k kalg induces a transitive
action on the set of its irreducible components (cf. [9, Exercise 3.2.10 & Exercise
3.2.7]). Via the base change from k to kalg of the natural k-morphism Y → X
induces a G-invariant kalg-morphism Y → X whose image is π−1(Y ). By [8,
Chapter II, Exercise 3.11 (a)], since Y → X is a closed immersion, so is Y →
X. By [9, Proposition 4.3.3 (b)], the projection morphism π : X → X and its
restriction π|Y : Y → Y are flat. Let Z be an irreducible component of π−1(Y ).
Since π(Z) is irreducible, it is contained in an irreducible component Y ′ of Y , and
since π : Z → Y ′ is closed, it follows by [9, Lemma 4.3.7] that π(Z) = Y ′. 
4.2. Corollary. Let H be a subgroup of G of finite index. Let ℓ denote the fixed
field of H in kalg and Xℓ = X ×k ℓ. Then X = Xℓ ×ℓ kalg. Let πℓ : X → Xℓ be
the corresponding projection morphism.
(a) For a closed point P ∈ X we have σ(P ) = P for all σ ∈ H if and only if
πℓ(P ) is ℓ-rational.
(b) For an irreducible component C ⊆ X we have σ(C) = C for all σ ∈ H if and
only if the irreducible component πℓ(C) of Xℓ is geometrically irreducible as
a variety over ℓ.
Proof. By Galois correspondence and since base change commutes with closed
immersions, we may restrict to the case where H = G and ℓ = k. In this case the
two statements follow from Proposition 4.1, using that irreducibility is preserved
under a purely inseparable extension, by [9, Proposition 3.2.7]. 
4.3. Proposition. Let Y be an irreducible component of X and let ℓ denote the
relative algebraic closure of k in k(Y ). Assume that ℓ/k is separable. Then the
number of irreducible components of X in the fiber π−1(Y ) is equal to [ℓ : k].
Each of these components is ℓ-isomorphic to Y ×ℓ kalg.
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Proof. We consider Y as a closed subscheme of X with its induced reduced struc-
ture. In view of the claim, we may assume that Y = X and, by removing a proper
closed subset containing the singular locus, that X is integral, normal and affine.
Hence, X = Spec(A) for a finitely generated integral k-algebra A such that ℓ is
the relative algebraic closure of k in A. Since the extension ℓ/k is separable and
its normal closure embeds into kalg/k, we obtain ℓ⊗k kalg ≃ kalg[ℓ:k] and therefore
A⊗k kalg ≃ (A⊗ℓ ℓ)⊗k kalg ≃ A⊗ℓ (ℓ⊗k kalg) ≃ A⊗ℓ kalg[ℓ:k] ≃ (A⊗ℓ kalg)[ℓ:k] .
As ℓ is relatively algebraically closed in A, A⊗ℓ kalg is a domain. This shows the
statement. 
We say that an integral algebraic curve over k is ruled if it is birational over k
to P1ℓ for a finite field extension ℓ/k, or equivalently, if its function field is ruled.
Let X be a projective curve over k. Then X is a projective curve over kalg,
by [9, Proposition 3.2.7 and Corollary 3.3.32]. Let C be the set of irreducible
components of X and let P be the set of those points on X where at least two
distinct irreducible components of X intersect. Let
E = {(Y, P ) ∈ C× P | P lies on Y } .
We define the bipartite graph
BX = (C,P,E) ,
hence taking the elements of C and of P as the vertices of two different colors, say
cyan and pink, and by letting Y ∈ C and P ∈ P be linked by an edge if and only
if the point P lies on the component Y . We call BX the bipartite intersection
graph of X. We also view BX as a uncolored graph with vertex set C ∪ P and
edge set {{C, V } | (C, V ) ∈ E} to apply the setup of the previous section.
4.4. Proposition. The graph BX is connected if and only if the curve X is
geometrically connected.
Proof. Since the curve X is projective over k, so is the curve X over k˜. Two
points x and x′ of X belong to the same connected component of X if and only
if there exists r ∈ N and a sequence of irreducible components Y0, . . . , Yr of X
such that x ∈ Y0, x′ ∈ Yr and such that Yi−1 ∩ Yi 6= ∅ for 1 6 i 6 r. Since
any intersection point of two different irreducible components of X belongs to
P, it follows that the connected components of X correspond to the connected
components of the graph BX . Hence, the graph BX is connected if and only if X
is connected as a curve, which is if and only if X is geometrically connected. 
We will now take into account the natural action of the absolute Galois group G
on the k-scheme X. For any σ ∈ G we have σ(C) = C, σ(P) = P, and furthermore
(σ(C), σ(P )) ∈ E for any (C, P ) ∈ E. Hence the G-action on X induces a G-action
on the graph BX which preserves the colors of the vertices.
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4.5. Proposition. Assume that k is perfect or that char(k) 6= 2. Let Y be an
irreducible component of X such that k(Y )/k is not ruled. Let C be an irreducible
component of Y ×k kalg such that C ≃ P1kalg. Then C is a G-pivot vertex of BX .
Proof. We may assume without loss of generality that Y is geometrically con-
nected. Let ℓ be the relative algebraic closure of k in k(Y ). Then C = C0 ×ℓ kalg
for an irreducible component C0 of Y ×k ℓ. Hence C0 is geometrically irreducible
and k(Y ) = ℓ(C0). Since C ≃ P1kalg , it follows that C0 is a smooth conic over ℓ.
Since k(Y )/k is not ruled, C0 is not rational over ℓ. By Lemma 2.4 all closed
points of Y have even degree over ℓ. Let P be some vertex adjacent to C.
Hence P is an intersection point of C with some other irreducible component of
Xℓ×ℓ kalg. Then Q = πℓ(P ) is a closed point of C0. The number of ℓ-embeddings
of ℓ(Q) into kalg is equal to [ℓ
′ : ℓ], where ℓ′ is the relative separable closure of ℓ
in ℓ(Q), because the stabilizer GC of C in G is the absolute Galois group of ℓ. It
follows that the GC-orbit of P consists of [ℓ
′ : ℓ] elements. If k is perfect, then
[ℓ(Q) : ℓ′] = 1, and if char(k) = char(ℓ) 6= 2, then [ℓ(Q) : ℓ′] is odd. Hence, in any
case [ℓ′ : ℓ] is even. This shows that C is a G-pivot vertex of BX . 
5. The bound
We continue to assume that K is the field of fractions of a discrete valuation
ring T with residue field k. For an arithmetic surface X over T , we write BX to
denote the bipartite intersection graph BXs of its special fiber Xs.
5.1. Lemma. Assume that k is algebraically closed. Let X be a relatively minimal
arithmetic surface over T whose special fiber Xs is connected. Let n, d1, . . . , dn
be the positive integers and Γ1, . . . ,Γn the distinct irreducible components of Xs
such that Xs =
∑n
i=1 diΓi as a divisor on X. Let
I = {1 6 i 6 n | Γ2i = −1} and ǫ =
∑
i∈I
(g(Γi/k)− 12)(di − 1) .
Then ǫ > 0 and
β(BX) 6 1 − n +
∑
16i<j6n
Γi · Γj 6 g(Xs/k) −
n∑
i=1
g(Γi/k) − ǫ .
Moreover, the inequality on the left is an equality if and only if deg(P ) = 2 for
all P ∈ P and Γi · Γj 6 1 for 1 6 i < j 6 n.
Proof. Since BX is a bipartite graph with disjoint sets of vertices P (pink) and C
(cyan), we have
β(BX) =
(∑
P∈P
deg(P )
)
− |P| − |C|+ 1 .
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The elements of C are given by the irreducible components Γ1, . . . ,Γn of Xs.
Hence |C| = n and
β(BX) = 1− n+
∑
P∈P
(deg(P )− 1) .
The total number of triples (P, i, j) where 1 6 i < j 6 n and P ∈ P lies on both
components Γi and Γj is given by
∑
P∈P
(
deg(P )
2
)
. Since deg(P ) > 2 for all P ∈ P,
we obtain that∑
P∈P
(deg(P )− 1) 6
∑
P∈P
(
deg(P )
2
)
6
∑
16i<j6n
Γi · Γj . (5.1.1)
This shows the first inequality in the statement. Furthermore, the two inequalities
in (5.1.1) are both equalities if and only if deg(P ) = 2 for all P ∈ P and Γi ·Γj 6 1
for all 1 6 i < j 6 n.
By Castelnuovo’s criterion [9, Theorem 9.3.8], since X is relatively minimal we
have g(Γi/k) > 1 for every i ∈ I. This yields that ǫ > 0. From the adjunction
formula [9, Section 9.1.3] applied to Xs and to Γ1, . . . ,Γn we obtain that
2g(Xs/k)− 2−
n∑
i=1
di · (2g(Γi/k)− 2) = −
n∑
i=1
diΓ
2
i .
Hence
g(Xs/k)−
n∑
i=1
dig(Γi/k)− 1 + n = −12
n∑
i=1
diΓ
2
i +
n∑
i=1
(1− di) .
For 1 6 i 6 n, we have Γ2i = −1 if i ∈ I and Γ2i 6 −2 otherwise. Therefore
2
n∑
i=1
(1− di)−
∑
i∈I
(1− di) >
n∑
i=1
(1− di)(−Γ2i ) =
n∑
i=1
diΓ
2
i −
n∑
i=1
Γ2i .
It follows that
g(Xs/k)−
n∑
i=1
dig(Γi/k)− 1 + n > −12
n∑
i=1
Γ2i +
1
2
∑
i∈I
(1− di) .
Since 1
2
∑
i∈I(1− di) = ǫ−
∑
i∈I(di − 1)g(Γi/k) , we obtain that
g(Xs/k)−
n∑
i=1
g(Γi/k)− 1 + n > −12
n∑
i=1
Γ2i + ǫ .
By [9, Theorem 9.1.23], we have
n∑
i=1
Γ2i + 2
∑
16i<j6n
Γi · Γj = (
n∑
i=1
Γi)
2 6 0 .
Hence we obtain the second inequality in the statement. 
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5.2. Remark. If Xs is reduced, then the conclusion of Lemma 5.1 follows from
[9, Proposition 10.1.51], where it is essentially shown that
1 − n +
∑
16i<j6n
Γi · Γj = g(Xs/k) −
n∑
i=1
g(Γi/k) .
Let F/K be an algebraic function field. A valuation on F is called K-rational
if it is trivial to K and its residue field is equal to K. If F is given by the
regular projective curve C over K, then a K-rational valuation on F is a discrete
valuation given (up to equivalence) by a K-rational point on C.
5.3. Theorem. Assume that k is perfect. Let F/K be an algebraic function field
such that K is relatively algebraically closed in F . For v ∈ ΩT (F ) let ℓv be the
relative algebraic closure of k in κv. Set Ω
◦
T (F ) = {v ∈ Ω∗T (F ) | g(κv/k) = 0}.
Then
|Ω∗T (F )| 6 |Ω◦T (F )| +
∑
v∈Ω∗
T
(F )
[ℓv : k] · g(κv/k) 6 1 + g(F/K). (5.3.1)
Moreover, if |Ω∗T (F )| = g(F/K) + 1, then Ω∗T (F ) = Ω◦T (F ) and F admits no
K-rational valuation.
Proof. As g(κv/k) > 1 for any v ∈ Ω∗T (F ) \ Ω◦T (F ), the first inequality in (5.3.1)
is obvious. To prove the other parts, we first reduce to the case where F is the
function field of a geometrically integral smooth projective curve over K.
By Lemma 2.5, there exists a finite purely inseparable extension K ′/K and an
algebraic function field F ′/K ′ containing F with F ′ = K ′F and such that F ′ is
the function field of a geometrically connected smooth projective curve C over K ′.
Then C is geometrically integral and g(F ′/K ′) = g(C/K ′), by Proposition 2.1.
We shall see that it is sufficient to prove the statement for the situation where
K ′ = K (which is certainly already the case when char(K) = 0).
Since K ′/K is a finite purely inseparable extension, there exists a unique dis-
crete valuation ring T ′ of K ′ with T = T ′ ∩K. Since the residue field k of T is
perfect and the extension K ′/K is purely inseparable, k is also the residue field
of T ′. By [5, Chapter IV, §38, Theorem 3], we have g(F ′/K ′) 6 g(F/K).
Since F ′/F is a finite purely inseparable extension, for every v ∈ ΩT (F ) there
exists a unique valuation v′ ∈ ΩT ′(F ′) with Ov′ ∩ F = Ov. We now consider
v ∈ ΩT (F ) and look at the residue fields κv and κv′ . Since k is perfect and since
κv′/κv is a finite purely inseparable extension of algebraic function fields over k,
it follows by [16, Proposition 3.10.2 (c)] that g(κv′/k) = g(κv/k) and that κv′/k
is ruled if and only if κv/k is ruled.
As F ′ = K ′F we have [F ′ : F ] 6 [K ′ : K]. The residue degree of any extension
of a valuation from F to F ′ is bounded by [F ′ : F ]. Since K ′ embeds into the
residue field of every extension to F ′ of a valuation on F trivial on K, it follows
that any K-rational valuation on F extends to a K ′-rational valuation on F ′.
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Hence to prove the statement we may now assume without loss of generality
that K ′ = K and F ′ = F , so that F is the function field of the geometrically
integral smooth projective curve C defined over K.
Let G denote the absolute Galois group of k. By [9, Proposition 10.1.8], there
exists a relatively minimal arithmetic surface X over T whose generic fiber is K-
isomorphic to C. By [9, Corollary 8.3.6], the special fiber Xs of X is geometrically
connected and g(Xs/k) = g(C/K) = g(F/K). Let π : Xs ×k kalg → Xs denote
the morphism of the base change from k to kalg. Let C and C denote the sets of
irreducible components of Xs and Xs ×k kalg, respectively. Recall that π induces
a bijection between C and the set of G-orbits in C.
The core of the argument consists in combining estimates and counting, and it
relies on a careful distinction of different types of components of Xs. A particular
attention needs to be paid to the components which are rational and of positive
genus (so in particular singular) — they have to be ignored in a considerate way.
To this aim we fix the following notation:
C = {Γ ∈ C | k(Γ)/k not ruled}
C = {Γ ∈ C | π(Γ) ∈ C}
C = {Γ ∈ C | g(Γ/kalg) = 0}
C⊕ = {Γ ∈ C | g(Γ/kalg) > g(kalg(Γ)/kalg) = 0}
C = {π(Γ) | Γ ∈ C}
C⊕ = {π(Γ) | Γ ∈ C⊕}
By [1, Proposition 3.7], every valuation in v ∈ Ω∗T (F ) is centered in the generic
point of a unique irreducible component of Xs, which we denote by Γv, whereby
k(Γv) = κv and Γv ∈ C. In particular
|Ω∗T (F )| = |C| .
Consider v ∈ Ω∗T (F ). We denote by Γ′v the normalization of Γv. Note that
Γ′v is a projective curve over ℓv which is k-birational to Γv. We obtain that
κv = k(Γv) = k(Γ
′
v) = ℓv(Γ
′
v) and Γ
′
v = Γ
′
v ×ℓv kalg is a connected smooth
projective curve over kalg such that Γv ×k kalg is kalg-birational to Γ′[ℓv:k]v . Then
g(κv/k) = g(Γ
′
v/ℓv) = g(Γ
′
v/kalg) = g(kalg(Γ
′
v)/kalg), in view of Proposition 2.1.
Let Γ0 be an irreducible component of Γv ×k kalg. Then Γv corresponds to the G-
orbit GΓ0 in C, |GΓ0| = [ℓv : k] and Γ′v is the normalization of Γ0. It follows that
g(Γ0/kalg) > g(Γ
′
v/kalg) = g(κv/k) and g(Γ/kalg) = g(Γ0/kalg) for all Γ ∈ GΓ0.
Therefore
[ℓv : k] · g(κv/k) 6 [ℓv : k] · g(Γ0/kalg) =
∑
Γ∈GΓ0
g(Γ/kalg) ,
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and furthermore Γ0 ∈ C ∪ C⊕ if and only if g(κv/k) = 0. This shows that∑
v∈Ω∗
T
(F )
[ℓv : k] · g(κv/k) 6
∑
Γ∈C\C⊕
g(Γ/kalg) and (5.3.2)
|Ω◦T (F )| = |C|+ |C⊕| . (5.3.3)
Let T ′ now denote a maximal unramified extension of T inside an algebraic
closure of K. The residue field of T ′ is an algebraic closure of k, which we identify
with kalg. By Lemma 2.6, X
′ = X ×T T ′ is an arithmetic surface over T ′ whose
special fiber X′s is kalg-isomorphic to Xs ×k kalg. Therefore BX′ = BX.
We assume now that Ω∗T (F ) 6= ∅, since otherwise there is nothing to prove.
Then Xs has an irreducible component which is not ruled. As C is geometrically
connected, we have by Lemma 2.6 that X′ is relatively minimal over T ′.
Since every component Γ of Xs ×k kalg is an integral curve over kalg, whereby
g(Γ/kalg) > 0, and since g(Xs ×k kalg/kalg) = g(Xs/k) = g(C/K) = g(F/K),
Lemma 5.1 yields that
β(BX) 6 g(F/K)−
∑
Γ∈C
g(Γ/kalg) . (5.3.4)
Let W be the set of G-pivot vertices in BX and let N be the number of G-orbits
in W. By Corollary 3.5, we have N 6 β(BX) + 1. By Proposition 4.5, every
element of C corresponds to a G-orbit in W. Hence C ⊆W and
|C| 6 N 6 β(BX) + 1 . (5.3.5)
Since g(Γ/kalg) > 1 for any Γ ∈ C⊕, we further have
|C⊕| 6 |C⊕| 6
∑
Γ∈C⊕
g(Γ/kalg). (5.3.6)
By combining (5.3.2), (5.3.4), (5.3.5) and (5.3.6), we obtain that
|Ω◦T (F )| 6 g(F/K) + 1−
∑
Γ∈C\C⊕
g(Γ/kalg) , (5.3.7)
which along with (5.3.2) proves the second inequality in (5.3.1).
Assume now that
|Ω∗T (F )| = g(F/K) + 1 . (5.3.8)
Hence we have equalities on both sides in (5.3.1). It follows that we have equality
in (5.3.7), and hence also everywhere in (5.3.2), (5.3.4), (5.3.5) and (5.3.6).
In particular N = β(BX) + 1, which implies that W = C and further, by
Corollary 3.5, that all G-fixed vertices of BX belong to W. Therefore all G-fixed
vertices of BX belong to C.
However, the equality |C| = |C| in (5.3.6) implies that C consists of G-fixed
vertices of BX. Hence C = ∅.
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It follows that C \ C = {Γ ∈ C | g(Γ/kalg) > 0}. Combining (5.3.8) with the
equalities in (5.3.4) and (5.3.5), we obtain that
|C|+
∑
Γ∈C\C
g(Γ/kalg) = g(F/K) + 1 = |Ω∗T (F )| = |C| .
Since clearly
|C| − |C| = |C \ C| 6 |C \ C| 6
∑
Γ∈C\C
g(Γ/kalg) ,
we obtain that |C \ C| = |C \ C|. Hence C \ C consists of G-fixed vertices
of BX. Since all G-fixed vertices of BX belong to C, we conclude that C = C.
This yields that C = C and hence Ω
∗
T (F ) = Ω
◦
T (F ).
Suppose now that there exists a k-rational point P on Xs. Then the fiber
π−1(P ) consists of a single point Q on Xs ×k kalg that is fixed by the action of
G. If Q is an intersection point of two components of Xs ×k kalg, then Q is a
pink vertex of BX fixed by G, which contradicts the fact that all G-fixed vertices
of BX belong to C and hence are cyan. Suppose now that Q lies on a single
component of Xs ×k kalg. Then P lies on a single component Γ of Xs, and it
follows that Γ = Γ×k kalg is the component of Xs×k kalg containing Q. We obtain
that Γ is a G-fixed vertex of BX. Since all G-fixed vertices of BX belong to C, it
follows that g(Γ/kalg) = 0, whereby Γ is kalg-isomorphic to P
1
kalg
. It follows that
Γ is a smooth curve of genus zero over k. Since Γ contains a k-rational point, we
conclude that Γ is rational over k, whereby k(Γ)/k is ruled. This contradicts the
fact that Γ ∈ C ⊆ C.
This shows that Xs contains no k-rational point. As the generic fiber of X is
K-isomorphic to C, the existence of a K-rational point on C would imply the
existence of a k-rational point on Xs. Therefore C has no K-rational point. As
C is regular, this yields that F has no K-rational valuation. 
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